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Abstract
Our investigation of differential conservation laws in Lagrangian field theory is based
on the first variational formula which provides the canonical decomposition of the Lie
derivative of a Lagrangian density by a projectable vector field on a bundle (Part 1: gr-
qc/9510061). If a Lagrangian density is invariant under a certain class of bundle isomor-
phisms, its Lie derivative by the associated vector fields vanishes and the corresponding
differential conservation laws take place. If these vector fields depend on derivatives of
parameters of bundle transformations, the conserved current reduces to a superpoten-
tial. This Part of the work is devoted to gravitational superpotentials. The invariance of
a gravitational Lagrangian density under general covariant transformations leads to the
stress-energy-momentum conservation law where the energy-momentum flow of gravity
reduces to the corresponding generalized Komar superpotential. The associated energy-
momentum (pseudo) tensor can be defined and calculated on solutions of metric and
affine-metric gravitational models.
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PART 2
The present Part of the work is devoted to SEM conservation laws and energy-momentum
superpotentials in the gravitation theory.
There are different approaches to the description of conservation laws in the gravitation
theory; different energy-momentum (pseudo) tensors of gravity have been suggested [1, 3, 5,
11, 13, 17, 21]. Our analysis of the energy-momentum conservation law in the gravitation
theory is based on the first variational formula in Lagrangian field theory (see Sections 3, 4 of
the Part 1 [8]). In accordance with this formula, the invariance of a gravitational Lagrangian
density under general covariant transformations implies the differential SEM conservation law
where the corresponding energy-momentum flow reduces to the superpotential [4, 7, 9, 15].
Let us briefly remind the basic features of the geometric approach to field theory when
classical fields are described by global sections of a bundle Y → X over a world manifold X
and their dynamics is phrased in terms of jet manifolds (see Section 3).
We restrict ourselves to the first order Lagrangian formalism, for most of contemporary
field models are described by first order Lagrangian densities. This is not the case for the
Einstein-Hilbert Lagrangian density of the Einstein’s gravitation theory which belongs to the
special class of second order Lagrangian densities. Its Euler-Lagrange equations are however of
the order two as like as in the first order theory (see Sections 13, 14).
In the first order Lagrangian formalism, the finite-dimensional configuration space of fields
represented by sections s of a bundle Y → X is the first order jet manifold J1Y of Y . Given
fibered coordinates (xµ, yi) of Y , the jet manifold J1Y is endowed with the adapted coordinates
(xµ, yi, yiµ). A first order Lagrangian density on J
1Y is defined to be an exterior horizontal
density
L = L(xµ, yi, yiµ)ω, ω = dx1 ∧ ... ∧ dxn.
Let Gt be a 1-parameter group of bundle isomorphisms of a bundle Y → X , and let
u = uλ(x)∂λ + u
i(y)∂i
be the corresponding projectable vector field on Y . A Lagrangian density L on the configuration
space J1Y is invariant under these transformations iff its Lie derivative by the jet lift
j10u = u
λ∂λ + u
i∂i + (∂̂λu
i − yiµ∂λuµ)∂λi ,
∂̂λ = ∂λ + y
j
λ∂j + y
j
µλ∂
µ
j + · · ·
of u onto J1Y is equal to zero, i.e.
Lj1
0
uL = 0. (2.1)
In accordance with the first variational formula (35), there is the canonical decomposition
Lj1
0
uL = uV ⌋EL + dT (u) (2.2)
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where
EL = [∂i − (∂λ + yjλ∂j + yjµλ∂µj )∂λi ]Ldyi ∧ ω = δiLdyi ∧ ω (2.3)
is the Euler-Lagrange operator,
T (u) = T λ(u)ωλ = [π
λ
i (u
i − uµyiµ) + uλL]ωλ,
πµi = ∂
µ
i L, ωλ = ∂λ⌋ω,
is the corresponding current, and
uV = (u
i − yiµuµ)∂i
is the vertical part of the vector field u.
The Euler-Lagrange operator EL, by definition, vanishes on the critical sections of the bundle
Y → X , and the equality (2.2) comes to the weak identity
Lj1
0
uL ≈ ∂̂λ[πλi (ui − uµyiµ) + uλL]ω
(the symbol ”≈” means equality modulo the kernel of the Euler-Lagrange operator (2.3)).
If the Lie derivative
Lj1
0
uL = [∂λu
λL+ (uλ∂λ + ui∂i + (∂λui + yjλ∂jui − yiµ∂λuµ)∂λi )L]ω
of a Lagrangian density L by a projectable vector field u satisfies the condition (2.1), then we
get the weak conservation law
0 ≈ ∂̂λ[πλi (ui − uµyiµ) + uλL]. (2.4)
Note that, if some background fields yA are present, the corresponding variational derivatives
δAL in the Euler-Lagrange operator (2.3) do not vanish, and we have the differential transfor-
mation law
0 ≈ (uA − uµyAµ )δAL+ ∂̂λ[πλA(uA − uµyAµ ) + πλi (ui − uµyiµ) + uλL] (2.5)
(see Section 4).
The examples of gauge fields (see Section 7) and tensor fields (see Section 8) show that, in
case of gauge-type transformations when the corresponding vector fields u depend on derivatives
of the parameters α(x) of these transformations, the conservation law (2.4) takes the form
T = W + dU
where W ≈ 0 and U is a superpotential which depends on parameters α(x) of gauge transfor-
mations that provide the gauge invariance of the conservation law (2.4).
The Einstein’s gravitation theory and the affine-metric gravitation theory are field models
on the bundles of geometric objects (see Section 8). Gravitational Lagrangian densities are
4
invariant under general covariant transformations. As a consequence, we get the SEM conser-
vation law with respect to the canonical lift of a vector field τ on a world manifold X onto the
corresponding bundle of gravitational fields.
In the purely metric Einstein’s gravitation theory [15], the SEM conservation law corre-
sponding to the invariance of the Hilbert-Einstein Lagrangian density under general covariant
transformations takes the form
d
dxλ
T λ(τ) ≈ 0, T λ ≈ d
dxλ
Uµλ(τ), (2.6)
where
Uµλ(τ) =
√−g
2κ
(gλντµ;ν − gµντλ;ν) (2.7)
is the well-known Komar superpotential [13] associated with a vector field τ on a world manifold
X . Here the symbol ”;µ” denotes the covariant derivative with respect to the Levi-Civita
connection.
In the recent paper [4], it was shown that (2.8) has a kind of universal property, in the
sense that the SEM flow of any Lagrangian density depending nonlinearly on the scalar cur-
vature, constructed from a metric and a torsionless connection, reduces always to the Komar
superpotential.
This result has been extended to the affine-metric gravity in case of a general linear connec-
tionKαγµ and arbitrary Lagrangian density L invariant under general covariant transformations
[9]. The corresponding SEM conservation law is brought into the form (2.6) where
Uµλ(τ) =
∂L
∂Kανµ,λ
(Dντ
α + Ωανστ
σ) (2.8)
is the generalized Komar superpotential. Here Dγ is the covariant derivative with respect to
the general linear connection K and Ω is the torsion of this connection. In the particular case
of the Hilbert-Einstein Lagrangian density and symmetric connections, we have
∂LHE
∂Kανµ,λ
=
√−g
2κ
(δµαg
νλ − δλαgνµ),
so that the superpotential (2.8) comes to the Komar superpotential (2.7). Also, if the La-
grangian density is of the kind considered in Ref.[4], the superpotential (2.8) recovers the
superpotential found in that paper.
In case of also gauge gravitation theory, we show that the covariant derivative of Dirac
fermion fields takes the form
D˜λ = ∂λ − 1
2
Aabcµ(∂λh
µ
c +K
µ
νλh
ν
c )Iab, (2.9)
Aabcµ =
1
2
(ηcahbµ − ηcbhaµ),
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where h(x) is a tetrad gravitational field, K is a general linear connection, η is the Minkowski
metric, and
Iab =
1
4
[γa, γb]
are the generators of the spinor group Ls = SL(2,C) [10].
The covariant derivative (2.9) has been considered by several authors [2, 16, 24]. In accor-
dance with the well-known theorem [12], every general linear connection being projected onto
the Lie algebra of the Lorentz group yields a Lorentz connection.
It follows that the configuration space of metric (or tetrad) gravitational fields and general
linear connections may play the role of the universal configuration space of realistic gravitational
models. In particular, one can think of the generalized Komar superpotential as being the
universal energy-momentum superpotential of gravity. The corresponding energy-momentum
(pseudo) tensor reads
T λα =
d
dxµ
(
∂L
∂Kσνµ,λ
Kσνα).
One can calculate it on solutions of metric and affine-metric gravitational models. In particular,
the torsion contributes into this energy-momentum (pseudo) tensor.
Note that the dependence of the energy-momentum superpotentials of gravity on the vector
field τ reflects the fact that the SEM conservation law (2.6) is preserved under general covariant
transformations.
Hereafter, the 4-dimensional base manifold X is required to satisfy the well-known topo-
logical condition in order that a pseudo-Riemannian metric can exist. To summarize these
conditions, we assume that the manifold X is not compact and that the tangent bundle of
X is trivial. We call X the world manifold. Pseudo-Riemannian metrics and general linear
connections in tangent and cotangent bundles of X are called the world metrics and the world
connections respectively.
13 Reduced second order Lagrangian formalism
Given a bundle Y → X coordinatized by (xλ, yi), let L be a second order Lagrangian density
on the second order jet manifold J2Y of Y . Its different Lepagian equivalents exist on J3Y ,
but the associated Poincare´-Cartan form ΞL is uniquely defined and given by the coordinate
expression
ΞL = Lω + [(∂λi L − ∂̂µ∂λµi L)d̂yi + ∂µλi Ld̂yiµ] ∧ ωλ. (2.10)
In the second order case, the first variational formula (23) is written
π4∗2 Lj2
0
uL = h0(j
3
0u⌋dρL) + h0d(j30u⌋ρL)
for any projectable vector field u on the bundle Y → X . When ρL = ΞL, it takes the form
π4∗2 Lj2
0
uL = uV ⌋EL + dHh0(u⌋ΞL) (2.11)
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where
EL = (∂i − ∂̂λ∂λi + ∂̂µ∂̂λ∂λµi )Ldyi ∧ ω (2.12)
is the 4-order Euler-Lagrange operator and the second order jet lift j20u of the vector field u
reads
j20u = u
λ∂λ + u
i∂i + (∂̂λu
i − yiν∂λuν)∂λi + [∂̂µ(∂̂λui − yiν∂λuν)− yiλν∂µuν]∂λµi .
Being restricted to the kernel of the Euler-Lagrange operator (2.12), the equality (2.11)
comes to the weak identity
π4∗2 Lj2
0
uL ≈ ∂̂λ[uλL+ uV i(∂λi L − ∂̂µ∂λµi L) + ∂̂µuV i∂µλi L]ω (2.13)
and to the corresponding differential transformation law on critical sections of the bundle
Y → X .
Let us consider a second order Lagrangian density L whose Euler-Lagrange operator E
(2.12) reduces to the second order differential operator [14]. It takes place, if the associated
Poincare´-Cartan form ΞL (2.10) is defined on the first order jet manifold J
1Y of Y . This is the
case iff the Lagrangian density L obeys the conditions
∂αβj ∂
µν
i L = 0,
(∂νj ∂
µλ
i − ∂µi ∂νλj )L = 0. (2.14)
This Lagrangian density is linear in the coordinates yiλµ and, in each coordinate chart, it is
given by the expression
L = (L′ + πµλi yiµλ)ω (2.15)
where L′ is a local function on J1Y and the Lagrangian momentum π is a section of the
Legendre bundle
n∧T ∗X ⊗
J1Y
(
2∨TX) ⊗
J1Y
V ∗Y.
In virtue of the relation (2.12), there exists a local horizontal form φ = φλωλ on J
1Y → X such
that
πµλi = ∂
µ
i φ
λ.
Let us consider the local form
ǫ = ΞL − dφ.
It is the Lepagian equivalent of the local first order Lagrangian density
L1 = h0(ǫ) = L− dHφ (2.16)
which leads to the same second order Euler-Lagrange operator in a given coordinate chart as
the Lagrangian density (2.15) does.
In particular, if the functions πµλi are independent of the coordinates y
i
µ, we can take
φ = πµλi (y
i
µ − Γiµ)ωλ (2.17)
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where Γ is a connection on Y → X . The form (2.17) is globally defined and we get the first
order Lagrangian density
L1 = L− ∂̂λ[πµλi (yiµ − Γiµ)]ω (2.18)
which leads to the same second order Euler-Lagrange operator as the Lagrangian density (2.15)
does.
However, the first order Lagrangian densities L1 (2.16) and (2.18) fail to possess the same
symmetries of the second order Lagrangian density L (2.15) in general. Therefore, we do not
take advantage of its application in conservation laws as a rule.
14 Conservation laws in Einstein’s gravitation theory
In Einstein’s gravitation theory, gravity is described by a pseudo-Riemannian metric whose
Lagrangian density is the Hilbert-Einstein Lagrangian density.
Let Σg → X be the bundle of pseudo-Riemannian world metrics. Its 2-fold covering is the
bundle
Σ = LX/SO(3, 1) (2.19)
where LX is the principal bundle of oriented linear frames and SO(3, 1) is the connected Lorentz
group. Hereafter, we shall identify Σg with the open subbundle of the tensor bundle
2∨T ∗X → X.
In induced coordinates of T ∗X , the bundle J2Σg is coordinatized by (x
λ, gαβ, gαβλ, gαβλ,µ).
The second order Hilbert-Einstein Lagrangian density on the configuration space J2Σg reads
LHE = − 1
2κ
gαµgβνRαβµν
√−gω (2.20)
where
Rαβµν =
1
2
(gανβµ + gβµαν − gαµβν − gβναµ) + gεσ(γεβµγσαν − γεβνγσαµ),
γαµν =
1
2
(gαµν + gανµ − gµνα),
gαβ =
1
g
∂g
∂gαβ
,
∂
gαβ
= −gαµgβν ∂
gµν
.
This is the reduced second order Lagrangian density like that considered in the previous Section.
It leads to the second order Euler-Lagrange operator.
To remain within the framework of bundles of geometric objects, we utilize the Proca fields
as the matter source of gravitational fields. Their Lagrangian density (90) depends on a world
metric, but not on the symmetric part of the world connection.
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The Proca fields are described by sections of the cotangent bundle T ∗X (see Section 11).
The total configuration space of metric gravitational fields and Proca fields is J2T where
T =
2∨T ∗X ×
X
T ∗X.
On this configuration space, the Lagrangian density of Proca fields is given by the expression
LP = [− 1
4γ
gµαgνβFαβFµν − 1
2
m2gµλkµkλ]
√
| g |ω, (2.21)
where
Fµν = kνµ − kµν
and gνβ is the inverse matrix of gνβ.
The total Lagrangian density L is the sum of the Hilbert-Einstein Lagrangian density (2.20)
and the Lagrangian density of Proca fields (2.21).
The associated Poincare´-Cartan form on the jet manifold J1T reads
ΞL = ΞHE + ΞP
where
ΞHE = − 1
2κ
√−g[gαµgβνgεσ(γεµνγαβσ − γεβαγµσν)ω +
(gµαgλβ − gαβgµλ)(dgαβµ + gνσγσαβdgµν) ∧ ωλ]
[14] and ΞP is given by the expression
ΞP = (LP − πµλkµλ)ω + πµλdkµ ∧ ωλ, (2.22)
πµλ = −1
γ
gµαgλβFβα
√
| g |.
The total Euler-Lagrange operator is
EL = EHE + EP,
EHE = −1
2
gαµgβν
√−g[−1
κ
(Rµν − 1
2
gµνR) + tµν ]dgαβ ∧ ω = δαβLdgαβ ∧ ω
EP = [−
√−gm2gαβkα + 1
γ
∂̂α(g
µαgνβFµν
√−g)]dkβ ∧ ω = δβLdkβ ∧ ω, (2.23)
where t is the metric energy-momentum tensor (94) of the Proca fields.
The Lagrangian densities LHE (2.20) and LP (2.21) are invariant separately under general
covariant transformations of the bundle of geometric objects T = Σg ×
X
T ∗X . Therefore, the
Lie derivative of their sum L by the jet lift j20 τ˜ of the vector field on T
τ˜ = τλ∂λ − (gνβ∂ατ ν + gαν∂βτ ν) ∂
∂gαβ
− ∂ατ νkν ∂
kα
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naturally induced by the vector field τ on X vanishes. Hence, we get the week conservation
law which takes the form
0 ≈ ∂̂λ[−2gµατµδαλL+ τ νkνδλL+ 1
2κ
√−g(gµντλ;ν − gλντµ;ν);µ − ∂̂µ(πµλτ νkν)] (2.24)
[15].
A glance at the conservation law (2.24) shows that the SEM flow of a metric gravitational
field with respect to the vector field τ˜ reduces to the Komar superpotential (2.7). The total
superpotential contains also the superpotential
Qµλ(τ) = πµλτ νkν (2.25)
of the Proca fields. We observe that, in case of exact general covariant transformations, the
energy-momentum flow (95) of the Proca fields comes to the superpotential term (see Section
11).
15 First order Palatini formalism
This Section is devoted to the SEM conservation laws of gravitational theory in the first
order (Palatini) variables when a world metric and a symmetric world connection are considered
on the same footing. To compare the SEM flows in this model with those in the Einsten’s
gravitational theory, we restrict our attention the Hilbert-Einstein Lagrangian density in the
Palatini variables. The corresponding Euler-Lagrange equations are well-known to be equivalent
to the Einstein’s equations [4].
Let LX → X be the principal bundle of linear frames in the tangent spaces to X . Its struc-
ture group is GL+(4,R). The world connections are associated with the principal connections
on the principal bundle LX → X . Hence, there is the 1:1 correspondence between the world
connections and the global sections of the quotient bundle
Cw = J
1LX/GL+(4,R). (2.26)
With respect to a holonomic atlas, the bundle Cw is coordinatized by (x
λ, kαβλ) so that, for
any section K of Cw,
Kαβλ = k
α
βλ ◦K
are the coefficients of the linear connection
K = dxλ ⊗ ( ∂
∂xλ
+Kαβλx˙α
∂
∂x˙β
)
on T ∗X . In this Section, we restrict ourselves to symmetric world connections.
The bundle Cw (2.26) admits the canonical splitting
Cw = C− ⊕ C+,
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kαβλ = k
α
[βλ] + k
α
(βλ),
where
C− =
2∧T ∗X ⊗ TX
is the bundle of torsion soldering forms and C+ → X is the affine bundle modelled on the vector
bundle
2∨T ∗X ⊗ TX.
Sections of the bundle C+ → X are symmetric world connections. This bundle is coordinatized
by (xλ, kαβλ) where k
α
βλ = k
α
λβ .
The total configuration space of the Palatini gravitational model is
J1(Σg ×
X
C+). (2.27)
It is coordinatized by
(xλ, gαβ, kαβλ, g
αβ
µ, k
α
βλµ).
On the configuration space (2.27), the Hilbert-Einstein Lagrangian density reads
LHE = − 1
2κ
gβλRαβαλ
√−gω, (2.28)
Rαβνλ = k
α
βλν − kαβνλ + kαενkεβλ − kαελkεβν .
It is of the order zero with respect to the metric fields gαβ and of the first order with respect
to the coordinates kαβλ.
We consider the Palatini gravitational model in the presence of the Proca fields. The total
Lagrangian density L on the jet manifold J1T where
T = Σg ×
X
C+×
X
T ∗X
is the sum
L = LHE + LP (2.29)
of the Hilbert-Einstein Lagrangian density (2.28) and the Lagrangian density of Proca fields
(2.21).
The associated Poincare´-Cartan form on the jet manifold J1T is the sum
ΞL = ΞHE + ΞP
of the form
ΞHE = − 1
2κ
√−ggβλRαβαλω + παβνλd̂kαβν ∧ ωλ,
πα
βνλ =
1
2κ
(δναg
βλ − δλαgβν)
√−g, (2.30)
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and the form ΞP (2.22). The Euler-Lagrange operator corresponding to the Lagrangian density
(2.29) is the sum
EL = EP + EK + Eg
of the Euler-Lagrange operator for the Proca field EP (2.23), for the symmetric connection
EK = 1
2κ
[(
√−ggβν);α − (
√−gδναgβλ);λ]dkαβν ∧ ω = δαβνLdkαβν ∧ ω (2.31)
where
gαβ ;λ = ∂̂λg
αβ + kαµλg
µβ + kβµλg
αµ,
and for the metric field
Eg = 1
2
√−g(Tαβ + tαβ)dgαβ ∧ ω = δαβLdgαβ ∧ ω (2.32)
where
Tαβ = −1
κ
(Rαβ − 1
2
gαβR) (2.33)
and tαβ is the metric energy-momentum tensor (94) of Proca fields. One can think of Tαβ (2.33)
as being the metric energy-momentum tensor of symmetric world connections.
The total Lagrangian density L (2.29) of the Palatini gravitational model is invariant under
general covariant transformations of the bundle of geometric objects
T = Σg ×
X
C+×
X
T ∗X.
Therefore, the Lie derivative of L by the jet lift j10 τ˜ of the vector field on T
τ˜ = τλ∂λ + (g
νβ∂ντ
α + gαν∂ντ
β)
∂
∂gαβ
+[∂ντ
αkνβµ − ∂βτ νkανµ − ∂µτ νkαβν − ∂βµτα] ∂
∂kαβµ
−∂ατ νkν ∂
∂kα
(2.34)
naturally induced by a vector field τ on X vanishes. Hence, we get the week conservation law
(2.4) in the form
0 ≈ ∂̂λ[παβµλ(−τ νkαβµν + ∂νταkνβµ − ∂βτ νkανµ − ∂µτ νkαβν − ∂βµτα)
+πνλ(−∂ντµkµ − τµkνµ) + τλL].
This can be brought into the form (2.6) where as like as in the previous case the total superpo-
tential is the sum of the gravitational Komar superpotential (2.7) and the superpotential (2.25)
of Proca fields.
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16 Energy-momentum superpotential of affine-metric grav-
ity
Let us consider the affine-metric gravitational model where dynamic variables are pseudo-
Riemannian metrics and general linear connections on X .
Note that, since the world connections are the principal connections, one may apply the
standard procedure of gauge theory in order to obtain the SEM conservation law (see Section
10). However in this case, the nonholonomic gauge isomorphisms of the linear frame bundle
LX and the associated bundles have to be considered [11]. The canonical lift τ˜ of a vector
field τ on the base X onto the bundles Σg and Cw does not correspond to these isomorphisms.
One must use a horizontal lift of τ by means of some connection on these bundles. At the
same time, we observe that the configuration space of gauge gravitation potentials in the gauge
gravitation theory itself reduces to the configuration space of general linear connections [10].
The total configuration space of the affine-metric gravity is
J1Y = J1(Σg ×
X
Cw) (2.35)
coordinatized by
(xλ, gαβ, kαβλ, g
αβ
µ, k
α
βλµ).
We assume that a Lagrangian density Lam of the affine-metric gravitation theory on the
configuration space (2.35) depends on a metric gαβ and the curvature
Rαβνλ = k
α
βλν − kαβνλ + kαενkεβλ − kαελkεβν .
In this case, we have the relations
∂Lam
kαβν
= πσ
βνλkσαλ − πασνλkβσλ,
πα
βνλ = ∂α
βνλLam = −παβλν . (2.36)
Let the Lagrangian density Lam be invariant under general covariant transformations. Given
a vector field τ on X , its canonical lift onto the bundle Σg × Cw reads
τ˜ = τλ∂λ + (g
νβ∂ντ
α + gαν∂ντ
β)
∂
∂gαβ
+[∂ντ
αkνβµ − ∂βτ νkανµ − ∂µτ νkαβν − ∂βµτα] ∂
∂kαβµ
. (2.37)
For the sake of simplicity, let us employ the compact notation
τ˜ = τλ∂λ + (g
νβ∂ντ
α + gαν∂ντ
β)∂αβ + (u
Aβ
α∂βτ
α − uAεβα ∂εβτα)∂A.
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Since the Lie derivative of Lam by the jet lift j
1
0 τ˜ of the field τ˜ (2.37) is equal to zero, i.e.
Lj1
0
τ˜Lam = 0, (2.38)
we have the weak conservation law
0 ≈ ∂̂λ[∂λALam(uAβα∂βτα − uAεβα ∂εβτα − yAα τα) + τλLam] (2.39)
where
∂λALamuAεβα = παεβλ,
∂εALamuAβα = παγµεkβγµ − πσβµεkσαµ − πσγβεkσγα = ∂αβεLam − πσγβεkσγα.
Due to the arbitrariness of the functions τα, the equality (2.38) implies the strong equality
δβαLam +
√−gT αβ + uAβα∂ALam + ∂̂µ(uAβα)∂µALam − yAα∂βALam = 0. (2.40)
One can think of √−gT αβ = 2gαν∂νβLam
as being the metric energy-momentum tensor of general linear connections.
Substituting the term yAα∂
β
ALam from the expression (2.40) into the conservation law (2.39),
we bring the latter into the form
0 ≈ ∂̂λ[−
√−gT λα τα+∂λALam(uAβα∂βτα−uAεβα ∂εβτα)−∂ALamuAλατα−∂µALam∂̂µ(uAλα)τα]. (2.41)
Let us separate the components of the Euler-Lagrange operator
EL = (δαβLamdgαβ + δαγµLamdkαγµ) ∧ ω
in the expression (2.41). We get
0 ≈ ∂̂λ[∂λALamuAµα∂µτα − ∂̂µ(∂µALamuAλα)τα + ∂̂µ(παεµλ)∂ετα] +
∂̂λ[−2gλµταδαµLam − uAλαταδALam]− ∂̂λ[∂̂µ(πανµλ∂ντα)]
and then
0 ≈ ∂̂λ[−∂̂µ(∂αλµLam)τα] +
∂̂λ[−2gλµταδαµLam − (kλγµδαγµLam − kσαµδσλµLam − kσγαδσγλLam)τα + δαελLam∂ετα]
−∂̂λ[∂̂µ(πανµλ(Dντα + Ωανστσ)].
The final form of the conservation law (2.39) is
0 ≈ ∂̂λ[−2gλµταδαµLam − (kλγµδαγµLam − kσαµδσλµLam − kσγαδσγλLam)τα + δαελLam∂ετα
−∂̂µ(δαλµLam)τα]− ∂̂λ[∂̂µ(πανµλ(Dντα + Ωανστσ)]. (2.42)
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It follows that the SEM conservation law in the affine-metric gravity is reduced to the form
(2.6) where U is the generalized Komar superpotential (2.8).
Let us now examine the total system of the affine-metric gravity and the tensor fields
described in Section 8, e.g., the Proca fields. In the presence of a general linear connection,
the Lagrangian density LP (2.21) is naturally generalized through covariant derivatives and
depends on the torsion:
Fµν = kνµ − kµν −Qσνµkσ.
It is readily observed that, in this case, the superpotential term (2.25) in the energy-momentum
flow of the Proca fields (95) is eliminated due to the additional contribution
−∂̂µ(∂αλµLPτα).
Thus, the energy-momentum flow of the Proca fields comes to zero, and the total energy-
momentum flow of affine-metric gravity and Proca fields reduces to the generalized Komar
superpotential.
One can consider general linear connections and Proca fields in the presence of a background
world metric g when the general covariant transformations are not exact. In this case, we have
the weak transformation law (2.5) where the variational derivatives δαβL by the metric field
fail to vanish. Then, the total SEM flow takes the form
T λ =
√−g(T λα + tλα)τα + ∂̂µ(πανµλ(Dντα + Ωανστσ))
and the SEM transformation law comes to the form of the covariant conservation law
(T λµ + t
λ
µ);λ ≈ 0
of the metric energy-momentum tensors of general linear connections and of the Proca fields.
Thus, we observe that the ”hidden” non-superpotential part of the energy-momentum flow
appears if the invariance under general covariant transformations is broken.
17 Lagrangian systems on composite bundles
The gauge gravitation theory exemplifies the model with spontaneous breaking of space-
time symmetries where the matter fermion fields admit only Lorentz transformations. The
geometric formulation of the gauge gravitation theory calls into play the composite bundle
picture. As a consequence, we get the modified covariant differential of fermion fields which
depends on derivatives of gravitational fields [10].
In the gauge gravitation theory, gravity is represented by pairs (h,Ah) of gravitational
fields h and associated Lorentz connections Ah [11, 18]. The Lorentz connection Ah is usually
identified with both a connection on a world manifold X and a spinor connection on the the
spinor bundle Sh → X whose sections describe Dirac fermion fields ψh in the presence of
the gravitational field h. The problem arises when Dirac fermion fields are described in the
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framework of the affine-metric gravitation theory. In this case, the fact that a world connection
is some Lorentz connection may result from the field equations, but it can not be assumed
in advance. There are models where the world connection is not a Lorentz connection [11].
Moreover, it may happen that a world connection is the Lorentz connection with respect to
different gravitational fields [23]. At the same time, a Dirac fermion field can be regarded only
in a pair (h, ψh) with a certain gravitational field h.
Indeed, one must define the representation of cotangent vectors to X by the Dirac’s γ-
matrices in order to construct the Dirac operator. Given a tetrad gravitational field h(x), we
have the representation
γh : dx
µ 7→ d̂xµ = hµaγa.
However, different gravitational fields h and h′ yield the nonequivalent representations γh and
γh′.
It follows that, fermion-gravitation pairs (h, ψh) are described by sections of the composite
spinor bundle
S → Σ→ X (2.43)
where Σ → X is the bundle of gravitational fields h; the components haµ of h play the role
of parameter coordinates of Σ, besides the familiar world coordinates. [18, 20]. In particular,
every spinor bundle Sh → X is isomorphic to the restriction of S → Σ to h(X) ⊂ Σ. Performing
this restriction, we arrive at the familiar case of a field model in the presence of a gravitational
field h(x).
By a composite bundle is meant the composition
Y → Σ→ X. (2.44)
of a bundle Y → X denoted by YΣ and a bundle Σ → X . It is coordinatized by (xλ, σm, yi)
where (xµ, σm) are coordinates of Σ and yi are the fiber coordinates of YΣ. We further assume
that Σ has global sections.
The application of composite bundles to field theory is founded on the following [19]. Given
a global section h of Σ, the restriction Yh of YΣ to h(X) is a subbundle of Y → X . There is the
1:1 correspondence between the global sections sh of Yh and the global sections of the composite
bundle (2.44) which cover h. Therefore, one can think of sections sh of Yh as describing fermion
fields in the presence of a background parameter field h, whereas sections of the composite
bundle Y describe all the pairs (sh, h). The configuration space of these pairs is the first order
jet manifold J1Y of the composite bundle Y .
The feature of the dynamics of field systems on composite bundles consists in the following.
Every connection
AΣ = dx
λ ⊗ (∂λ + A˜iλ∂i) + dσm ⊗ (∂m + Aim∂i)
on the bundle YΣ yields the horizontal splitting
V Y = V YΣ⊕
Y
(Y ×
Σ
V Σ),
y˙i∂i + σ˙
m∂m = (y˙
i −Aimσ˙m)∂i + σ˙m(∂m + Aim∂i).
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Using this splitting, one can construct the first order differential operator
D˜ : J1Y → T ∗X ⊗
Y
V YΣ,
D˜ = dxλ ⊗ (yiλ − A˜iλ −Aimσmλ )∂i, (2.45)
on the composite bundle Y . This operator posesses the following property.
Given a global section h of Σ, let Γ be a connection on Σ whose integral section is h, that is,
Γ ◦ h = J1h. It is readily observed that the differential (2.45) restricted to J1Yh ⊂ J1Y comes
to the familiar covariant differential relative to the connection
Ah = dx
λ ⊗ [∂λ + (Aim∂λhm + A˜iλ)∂i]
on Yh. Thus, we may utilize D˜ in order to construct a Lagrangian density
L : J1Y
D˜→T ∗X ⊗
Y
V YΣ →
n∧T ∗X
for sections of the composite bundle Y .
18 Composite spinor bundles in gravitation theory
Let us consider the gauge theory of gravity and fermion fields.
Let LX be the principal bundle of oriented linear frames in tangent spaces to X . In
gravitation theory, its structure group GL+(4,R) is reduced to the connected Lorentz group
L = SO(1, 3). It means that there exists a reduced subbundle LhX of LX whose structure
group is L. In accordance with the well-known theorem [12], there is the 1:1 correspondence
between the reduced L subbundles LhX of LX and the global sections h of the quotient bundle
(2.19).
Given a section h of Σ, let Ψh be an atlas of LX such that the corresponding local sections
zhξ of LX take their values into L
hX . With respect to Ψh and a holonomic atlas ΨT = {ψTξ } of
LX , a gravitational field h can be represented by a family of GL4-valued tetrad functions
hξ = ψ
T
ξ ◦ zhξ , dxλ = hλa(x)ha. (2.46)
By the Lorentz connections Ah associated with a gravitational field h are meant the principal
connections on the reduced subbundle LhX of LX . They give rise to principal connections on
LX and to spinor connections on the Ls-lift Ph of L
hX .
There are different ways to introduce Dirac fermion fields. Here, we follow the algebraic
approach. Given a Minkowski space M , let Cl1,3 be the complex Clifford algebra generated by
elements of M . A spinor space V is defined to be a minimal left ideal of Cl1,3 on which this
algebra acts on the left. We have the representation
γ :M ⊗ V → V
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of elements of the Minkowski space M ⊂ Cl1,3 by Dirac’s matrices γ on V .
Let us consider a bundle of complex Clifford algebras Cl1,3 over X whose structure group
is the Clifford group of invertible elements of Cl1,3. Its subbundles are both a spinor bundle
SM → X and the bundle YM → X of Minkowski spaces of generating elements of Cl1,3. To
describe Dirac fermion fields on a world manifold X , one must require YM to be isomorphic to
the cotangent bundle T ∗X of X . It takes place if there exists a reduced L subbundle LhX of
LX such that
YM = (L
hX ×M)/L.
Then, the spinor bundle
SM = Sh = (Ph × V )/Ls (2.47)
is associated with the Ls-lift Ph of L
hX . In this case, there exists the representation
γh : T
∗X ⊗ Sh = (Ph × (M ⊗ V ))/Ls → (Ph × γ(M × V ))/Ls = Sh (2.48)
of cotangent vectors to a world manifold X by Dirac’s γ-matrices on elements of the spinor
bundle Sh. As a shorthand, one can write
d̂xλ = γh(dx
λ) = hλa(x)γ
a.
Given the representation (2.48), we shall say that sections of the spinor bundle Sh describe
Dirac fermion fields in the presence of the gravitational field h. Indeed, let
Ah = dx
λ ⊗ (∂λ + 1
2
AabλIab
A
Bψ
B∂A)
be a principal connection on Sh. Given the corresponding covariant differential D and the
representation γh (2.48), one can construct the Dirac operator
Dh = γh ◦D : J1Sh → T ∗X ⊗
Sh
V Sh → V Sh, (2.49)
y˙A ◦ Dh = hλaγaAB(yBλ −
1
2
AabλIab
A
By
B)
on the spinor bundle Sh.
Different gravitational fields h and h′ define nonequivalent representations γh and γh′. It
follows that a Dirac fermion field must be regarded only in a pair with a certain gravitational
field. There is the 1:1 correspondence between these pairs and sections of the composite spinor
bundle (2.43) defined as follows.
Let us consider the L-principal bundle
LXΣ := LX → Σ
where Σ is the quotient bundle (2.19). Let PΣ be the Ls-principal lift of LXΣ such that
PΣ/Ls = Σ, LXΣ = r(PΣ).
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In particular, there is the imbedding of the Ls-lift Ph of L
hX onto the restriction of PΣ to h(X).
We define the composite spinor bundle (2.43) where
SΣ = (PΣ × V )/Ls
is associated with the Ls-principal bundle PΣ. It is readily observed that, given a global section
h of Σ, the restriction of SΣ to h(X) is the spinor bundle Sh (2.47) whose sections describe
Dirac fermion fields in the presence of the gravitational field h.
Let us provide the principal bundle LX with a holonomic atlas {ψTξ , Uξ} and the principal
bundles PΣ and LXΣ with associated atlases {zsǫ , Uǫ} and {zǫ = r ◦ zsǫ}. With respect to these
atlases, the composite spinor bundle is endowed with the bundle coordinates (xλ, σµa , ψ
A) where
(xλ, σµa ) are coordinates of the bundle Σ such that σ
µ
a are the matrix components of the group
element (ψTξ ◦ zǫ)(σ), σ ∈ Uǫ, πΣX(σ) ∈ Uξ. Given a section h of Σ, we have
(σλa ◦ h)(x) = hλa(x),
where hλa(x) are the tetrad functions (2.46).
Let us consider the bundle of Minkowski spaces
(LX ×M)/L→ Σ
associated with the L-principal bundle LXΣ. Since LXΣ is trivial, it is isomorphic to the
pullback Σ×
X
T ∗X which we denote by the same symbol T ∗X . Then, one can define the bundle
morphism
γΣ : T
∗X ⊗
Σ
SΣ = (PΣ × (M ⊗ V ))/Ls → (PΣ × γ(M ⊗ V ))/Ls = SΣ, (2.50)
d̂xλ = γΣ(dx
λ) = σλaγ
a,
over Σ. When restricted to h(X) ⊂ Σ, the morphism (2.50) comes to the morphism γh (2.48).
We use this morphism in order to construct the total Dirac operator on the composite spinor
bundle S (2.43).
Let
A˜ = dxλ ⊗ (∂λ + A˜Bλ ∂B) + dσµa ⊗ (∂aµ + ABaµ∂B)
be a principal connection on the bundle SΣ and D˜ the corresponding differential (2.45). We
have the first order differential operator
D = γΣ ◦ D˜ : J1S → T ∗X ⊗
S
V SΣ → V SΣ,
ψ˙A ◦ D = σλaγaAB(ψBλ − A˜Bλ −ABaµσµaλ),
on S. One can think of it as being the total Dirac operator since, for every section h, the
restriction of D to J1Sh ⊂ J1S comes to the Dirac operator Dh (2.49) relative to the connection
Ah = dx
λ ⊗ [∂λ + (A˜Bλ + ABaµ∂λhµa)∂B]
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on the bundle Sh.
In order to construct the differential D˜ (2.45) on J1S in explicit form, let us consider the
principal connection on the bundle LXΣ given by the local connection form
A˜ = (A˜abµdx
µ + Aabcµdσ
µ
c )⊗ Iab, (2.51)
A˜abµ =
1
2
Kνλµσ
λ
c (η
caσbν − ηcbσaν),
Aabcµ =
1
2
(ηcaσbµ − ηcbσaµ), (2.52)
where K is a general linear connection on TX and (2.52) corresponds to the canonical left-
invariant free-curvature connection on the bundle
GL+(4,R)→ GL+(4,R)/L.
Accordingly, the differential D˜ relative to the connection (2.51) reads
D˜ = dxλ ⊗ [∂λ − 1
2
Aabcµ(σ
µ
cλ +K
µ
νλσ
ν
c )Iab
A
Bψ
B∂A]. (2.53)
Given a section h, the connection A˜ (2.51) is reduced to the Lorentz connection
K˜abλ = A
abc
µ(∂λh
µ
c +K
µ
νλh
ν
c ) (2.54)
on LhX , and the differential (2.53) leads to the covariant derivative of fermion fields (2.9).
Let us emphasize that the connection (2.54) is not the connection
Kkmλ = h
k
µ(∂λh
µ
m +K
µ
νλh
ν
m) = K
ab
λ(ηamδ
k
b − ηbmδka)
written with respect to the reference frame ha = haλdx
λ, but there is the relation
K˜abλ =
1
2
(Kabλ −Kbaλ). (2.55)
If K is a Lorentz connection Ah, then the connection K˜ (2.54) consists with K itself.
We utilize the differential (2.53) in order to construct a Lagrangian density of Dirac fermion
fields. This Lagrangian density is defined on the configuration space J1(S⊕
Σ
S+) coordinatized
by
(xµ, σµa , ψ
A, ψ+A , σ
µ
aλ, ψ
A
λ , ψ
+
Aλ).
It reads
Lψ = { i
2
[ψ+A(γ
0γλ)AB(ψ
B
λ −
1
2
Aabcµ(σ
µ
cλ +K
µ
νλσ
ν
c )Iab
B
Cψ
C)−
(ψ+Aλ −
1
2
Aabcµ(σ
µ
cλ +K
µ
νλσ
ν
c )ψ
+
CI
+
ab
C
A)(γ
0γλ)ABψ
B]−mψ+A(γ0)ABψB}σ−1ω, (2.56)
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γµ = σµaγ
a, σ = det(σµa ),
where
ψ+A(γ
0)ABψ
B
is the Lorentz invariant fiber metric in the bundle S⊕
Σ
S+ [6].
One can easily verify that
∂Lψ
∂Kµνλ
+
∂Lψ
∂Kµλν
= 0. (2.57)
Hence, the Lagrangian density (2.56) depends on the torsion of the general linear connection
K only. In particular, it follows that, if K is the Levi-Civita connection of a gravitational field
h(x), after the substitution σνc = h
ν
c (x), the Lagrangian density (2.56) comes to the familiar
Lagrangian density of fermion fields in the Einstein’s gravitation theory.
19 Conservation laws in gauge gravitation theory
In accordance with the previous Sections, the total configuration space of fermion fields and
affine-metric gravity can be described by the jet manifold J1Y of the product
Y = S⊕
Σ
S+×
Σ
Cw (2.58)
where Cw is the bundle of general linear connections (2.26) coordinatized by (x
λ, kµνλ).
The total Lagrangian density L on this configuration space is the sum of the Lagrangian
density Lam of affine-metric gravity where variables g
αβ are replaced with σαaσ
β
b η
ab and the
Lagrangian density of fermion fields Lψ (2.56) where the background general linear connection
Kµνλ is replaced with the corresponding coordinates k
µ
νλ of the bundle Cw.
The Lagrangian density L is constructed to be invariant under the 1-parameter groups of
gauge isomorphisms of the L-principal bundle LX → Σ. The corresponding vector fields on
the bundle Y (2.58) read
u =
1
2
αab(x)[(ηacδ
d
b − ηbcδda)σµd∂cµ + IabABψB∂A + I+abABψ+A∂B] (2.59)
where αab(x) are local parameters of gauge transformations. The Lie derivative of the Lagran-
gian density L by the jet lift j10u of the vector field (2.59) is equal to zero and the corresponding
weak conservation law
0 ≈ ∂̂λ[1
2
αab(∂cλµ Lψ(ηacδdb − ηbcδda)σµd + ∂λALψIabABψB + I+abABψ+A∂BλLψ)]
(2.4) takes place. However, it is easy to verify that
∂cλµ Lψ(ηacδdb − ηbcδda)σµd + ∂λALψIabABψB + I+abABψ+A∂BλLψ = 0, (2.60)
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and so the conserved current is equal to zero.
Now, we investigate the SEM conservation law of Dirac fermion fields and affine-metric
gravity. Let τ be a vector field on X . Both the Lagrangian density Lψ of fermion fields and
the Lagrangian density Lam of affine metric gravity are invariant under the (local) 1-parameter
groups of transformations associated with the local vector fields
τ˜ = τµ∂µ + ∂ντ
µσνa
∂
∂σµa
+ (∂ντ
αkνβµ − ∂βτ νkανµ − ∂µτ νkαβν − ∂βµτα) ∂
∂kαβµ
. (2.61)
Note that, under a gauge (Lorentz) transformation, the field (2.61) is changed as
τ˜ ′ = τ˜ +
1
2
τµ∂µ(α
ab)[(ηacδ
d
b − ηbcδda)σµd∂cµ + IabABψB∂A + I+abABψ+A∂B ],
but in virtue of the relation (2.60), the additional term in τ˜ ′ does not contribute in the SEM
conservation law.
For the sake of simplicity, let us employ the same compact notation as in Section 16:
τ˜ = τµ∂µ + ∂ντ
µσνa
∂
∂σµa
+ (uAβα∂βτ
α − uAεβα ∂εβτα)∂A.
Since the Lie derivative of L by the jet lift j10 τ˜ of the field τ˜ (2.61) is equal to zero, i.e.
Lj1
0
τ˜L = 0, (2.62)
the weak conservation law
0 ≈ ∂̂λ[∂λALam(uAβα∂βτα − uAεβα ∂εβτα − yAα τα)
+
∂Lψ
∂σαcλ
(∂βτ
ασβc − σαcµτµ)−
∂Lψ
∂ψAλ
ψAα τ
α − ∂Lψ
∂ψ+Aλ
ψ+Aατ
α + τλL] (2.63)
takes place. We have the relations (2.36) and the relation
∂Lψ
∂kµνλ
=
∂Lψ
∂σµcλ
σνc .
Due to the arbitrariness of the functions τα, the equality (2.62) implies the strong equality
(2.40) where
√−g is replaced by 2σ and in addition the strong equality
δβαLψ + 2σtβα +
∂Lψ
∂σαcλ
σβcλ −
∂Lψ
∂σµcβ
σµcα + ∂ALψuAβα −
∂Lψ
∂ψAβ
ψAα −
∂Lψ
∂ψ+Aβ
ψ+Aα (2.64)
where
2σtβα = σ
β
a
∂Lψ
∂σαa
.
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Substituting the term yAα∂
β
ALam from the expression (2.40) and the term
∂Lψ
∂σµcβ
σµcα +
∂Lψ
∂ψAβ
ψAα +
∂Lψ
∂ψ+Aβ
ψ+Aα
from the expression (2.64) into the conservation law (2.63), we bring the latter into the form
0 ≈ ∂̂λ[−σλaταδaαL − (kλγµδαγµLam − kσαµδσλµLam − kσγαδσγλLam)τα + δαελLam∂ετα
−∂̂µ(δαλµLam)τα]− ∂̂λ[∂̂µ(πανµλ(Dντα + Ωανστσ)]
+∂̂λ[(
∂Lψ
∂σαaµ
σλa +
∂Lψ
∂σαaλ
σµa )∂µτ
α]. (2.65)
In accordance with the relation (2.57), the last term in the expression (2.65) is equal to zero,
i.e. fermion fields do not contribute to the superpotential. The SEM conservation law (2.63)
comes to the form (2.6) where U is the generalized Komar superpotential (2.8).
We can thus conclude that the generalized Komar superpotential (2.8) occurs rather uni-
versally in different gravitational models.
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